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Potential Theory's Reviews Subharmonic Function

Definition
Let (X, 7) be a topological space. We way a function v : X — [—00,00) is

upper semicontinuous (u.s.c) if the set {x € X | u(x) < a} belongs to 7
for each a € R. In other words, u=1([—oc, a)) is open in X.
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Potential Theory's Reviews Subharmonic Function

Definition

Let (X, 7) be a topological space. We way a function v : X — [—00,00) is
upper semicontinuous (u.s.c) if the set {x € X | u(x) < a} belongs to 7
for each a € R. In other words, u=1([—oc, a)) is open in X.

Definition

Let U C C open. A function u: U — [—00,00) is called subharmonic if it
is upper semicontinuous and satisfies the local submean inequality, i.e.
given w € U, there exists p > 0 such that

1 2w .
u(w) < —/ u(w + re™)dt  for r € [0, p).
21 Jo
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Potential Theory's Reviews Subharmonic Function

Definition

Let (X, 7) be a topological space. We way a function v : X — [—00,00) is
upper semicontinuous (u.s.c) if the set {x € X | u(x) < a} belongs to 7
for each a € R. In other words, u=1([—oc, a)) is open in X.

Definition

Let U C C open. A function u: U — [—00,00) is called subharmonic if it
is upper semicontinuous and satisfies the local submean inequality, i.e.
given w € U, there exists p > 0 such that

1 2w .
u(w) < —/ u(w + re™)dt  for r € [0, p).
21 Jo

Example

If £ is holomorphic on U C C open = log |f| is subharmonic on U.
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Potential Theory's Reviews Subharmonic Function

Proposition

Let u,v be subharmonic function on an open U C C, then
(i) max(u, v) is subharmonic on U.

(i) au+ pv is subharmonic on U for all o, 3 > 0.

Theorem (Maximum Principle)

Let u be a subharmonic function on a domain G C C.
(i) If u attains a global maximum on G = u = C for some constant C.
(i) Iflim,cu(z) <0 forall( € 9G = u<0onG.
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Potential Theory's Reviews Subharmonic Function

Criteria for Subharmonicity

Theorem

Let U be an open subset of C and let u : U — [—00,00) be an upper
semicontinuous function. Then the following are equivalent.
(i) The function u is subharmonic on U.

(i) Whenever A(w, p) C U, then for r < p and t € [0,27)

i+ 1 27 p2 _ r2 "
ity <« = )de.
uw +re )_277/0 p2—2prcos(9—t)+r2¢(w+pe )

(iii) (Harmonic Majoration) Whenever D is precompact subdomain of U
and h is harmonic function on D satisfying

Iimcsup(u — h)(z) <0 for ( € 9D,
z—

then u < hon D.

y
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Potential Theory's Reviews Hyperbolic Metric

Definition
Let v : /I — D be a smooth curve. The length is to be

Lo = [ (2 )1ee= [ (=) e

Definition

Let

1

Ap(z) = 1— |22

be the density of the hyperbolic distance in D.

v
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Potential Theory's Reviews Hyperbolic Metric

Definition
Let v : /I — D be a smooth curve. The length is to be

Lo = [ (2 )1ee= [ (=) e

Definition
Let

1

Ap(z) = 1— |22

be the density of the hyperbolic distance in D. The hyperbolic distance
between two points zp and z; in D is given by

op(z0,z1) == inf {L )\D(z)|dz|} .

v
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Potential Theory's Reviews Green's Function
Definition

Let G be a domain in the extended plane C and let a € Q. A Green's
function of G with singularity at a is a function g : Q\ {a} — R which
holds

(i) g(z,a) is harmonic in Q \ {a}.
(i) G(z) = g(z,a) + log|z — a| is harmonic is a disk about a.
(iii) lim,—w g(z,a) = 0 for each w € 9.

Proposition (Example)

Let p,: D = D;  @a(z) = ==, a <€D bea Mébbius transformation,
then

1
glza) =log 1))

is the Green's function for D with singularity at z = a.

V.
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Manifolds and Riemann surfaces Topological reviews

Definition

A topological surface M is a Hausdorff topological space provided with
collection {p; : Ui — ¢i(U;)} of homeomorphisms (called charts) from
open subsets U; C M (called coordinated neighbourhoods) to open subsets

©i(U) C C such that:
(i) M=Uge Ui
(i) Whenever U; U U; # ), the transition functions

pio@rti(UinUj) — ¢ (Uin Uj)

is a homeomorphism.

A collection of charts fulfilling these properties is called a (topological)
atlas, and the inverse gafl is called a parametrization.
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[\ ELTITIER NI ENIRIEl Sl Topological reviews
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Figure: The transition function between two coordinates charts.
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Manifolds and Riemann surfaces Riemann surfaces

Definition

A Riemann surface R is a connected topological surface such the
transition functions of the atlas are holomorphic mappings between open
subsets of the complex plane C i.e, it is pair (R, X).

Example

Let M = C, and let U be any open subset. Define ¢y(x,y) = x + iy from
(considered as a subject of C) to the complex plane. This is a complex
chart on C. Moreover Let M be C itself, considered topologically as R?.
Therefore, it is a Riemann surface which is called complex plane.
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Manifolds and Riemann surfaces Classical Examples

Example

Let S2 = {(x,y,t) € R3 | x2 4+ y? + t?> = 1} be denoted the unit 2-sphere.
Put t = 0 plane as a copy of the complex plane C, with (x, y,0) being
identified with z = x 4 jy. Let's us considere the following two charts

— S\ {(0,0,1)}, p1(x,y, 1) = —— + i

1 X t 1 y t
=§? 1 -~ _
Uz \{(0707 )}7 @Q(vav ) 1+t I]_—}-t
ince X _ 1t " o
Since = —, it follows that the transition function is
1+t X 4+ iy

2091 (2) =

which is holomorphic on a domain 1 (U; N Uy) = C\ {0}.
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Manifolds and Riemann surfaces Classical Examples

N = (0,0,1)

R(z)

S =(0,0,-1)

Figure: Compatible charts on S?.
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Manifolds and Riemann surfaces Morphism of Riemann surfaces

Definition
Let M be a Riemann surface and Y C M a open subset. A function
f:Y — C is called holomorphic, if for every chart ¢ : U — V on M the

function
foy tip(UNY)—=C

is holomorphic in the usual sense on the open set »(UNY) C C.

Definition

Suppose M and N are Riemann surfaces. A continuous map F: M — N is
called holomorphic, if for every pair of charts ¢1 : Uy — V4 on M and

1 1 U — Vo on N with f(U;) C Us, the mapping

¢20F0¢f1:V1—>V2

is holomorphic in the usual sense.
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Manifolds and Riemann surfaces Morphism of Riemann surfaces

Figure: Morphism between Riemann surfaces.
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Manifolds and Riemann surfaces Morphism of Riemann surfaces

Figure: Morphism between Riemann surfaces.

Definition
A function F: M — N is said to be a biholormorphic if it is a bijective
and both F: M — N and F~1: N — M are holomorphic.
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[ELTESEENC RN ERIIETGES  The uniformization Theorem [Poincaré-Koebe]

Are C C and D biholomorphic to each other?
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[ELTESEENC RN ERIIETGES  The uniformization Theorem [Poincaré-Koebe]

Are C C and D biholomorphic to each other?

3(2) >0

3(2)

Figure: Likely biholomorphisms among S?, D and C.
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[ELTESEENC RN ERIIETGES  The uniformization Theorem [Poincaré-Koebe]

Theorem (Riemann Mapping Theorem)

Any non-empty simply connected domain Q C C, which is not C, is
biholomorphic to the unit disc ID.
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WERNIHER NG ENIETEIC  The uniformization Theorem [Poincaré-Koebe]

Theorem (Riemann Mapping Theorem)

Any non-empty simply connected domain Q C C, which is not C, is
biholomorphic to the unit disc ID.

They aren't biholomorphic among them since:
¢ p: C — D neither by Liouville's theorem.
o1 :S? = D and ¢ :S? — C neither by compactness of S.
However, H and ID are biholomorphic via the following Mobius transforma-
tion
z—i
z+i

p(z) =
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[ELTESEENC RN ERIIETGES  The uniformization Theorem [Poincaré-Koebe]

Are there other Riemann surfaces beside C, D and C?
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[ELTESEENC RN ERIIETGES  The uniformization Theorem [Poincaré-Koebe]

Are there other Riemann surfaces beside C, D and C?

Theorem (The Uniformization Theorem (Poincaré, Koebe -1907) )
Every simply connected Riemann surface M is biholomorphic either to
e D (hyperbolic),
e C (parabolic),
o C (elliptic).
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Manifolds and Riemann surfaces Covering Theory

Definition
Let E and X be topological surfaces. A continuous mapping 7 : E — X is
a covering map if the following holds.

(i) Every point x € X has a open neighborhood U such that its preimage
7~ 1(U) can be represented as

(V) = || v
jed
where the {V;};c are disjoint open subsets of E.

(ii) In particaular, 7 is a local homeomorphism.

Example

Let X = S! and E = R be the circle and the real line respectively. Then
the mapping p(t) = €™ is a covering.
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Manifolds and Riemann surfaces Covering Theory

Proposition
If X has a holomorphic structure, then E inherits a unique Riemann
surface structure such that w is holomorphic.

Definition
Let m : E — R be a covering map. It is called a universal covering of a
topological space E if E is simply connected.

Theorem

The universal covering for any Riemann surface R is either C, D or S?

Theorem

Every Riemann surface R is biholomorphic to a quotient S /T, where Sis
D,C,C and T is a group of automorphism of S which acts freely and
properly discontinuously.
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Space of Holomorphic Functions The Bloch space B

Definition
A function f is called a Bloch function if it is holomorphic on ID and

sup(1 — |z]2)|f'(2)| < +oc. (1)
zeD

We will denote B the family of all Bloch functions.
It's called a little Bloch function if
i (1-[z?)|f'(2) = 0. (2)

m
—1
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Space of Holomorphic Functions The Bloch space B
Definition

A function f is called a Bloch function if it is holomorphic on ID and
sup(1 — |z]2)|f'(2)| < +oc.
zeD

We will denote B the family of all Bloch functions.
It's called a little Bloch function if

i —1z]?)|f(2)| = 0.
\2'131(1 [%)|f'(z)| =0

Proposition
o Every bounded function f : D — C is a Bloch function.
o If f € B, then for all z € D

[F(2) < [F(0)] + MIA(|2])]

where \(z) = log(1 — z) and M = sup, (1 — |z|?)|f'(2)|.
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Space of Holomorphic Functions The Bloch space B

Proposition

o The set B equipped with the norm
1flls = 1£(0) + 525(1 —[z)|f'(2)|

is a Banach space.
© B is not separable.

o Let f € B and ¢ : D — D be a conformal mapping of D onto itself,
then h(z) = f(p(2)) € B.
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Space of Holomorphic Functions The Dirichlet Space D

Definition
A Dirichlet space D is the collection of all holomorphic function on I such

that

// |f'(2)|?dxdy < oo where z = x + iy.
D

It can equipped with the following norm:

1Fllp = <\f(0)|2 +//D|f’(z)|2dxdy)1/2.

June 1, 2018 23 /43
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SLEICRO R P TNITE NS ISUENN The Dirichlet Space D

Proposition

If f(z) =72 anz" is holomorphic on D, then

1 o
— F1(2)[Pdxdy = na,,2.
L@y =3
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SLEICRO R P TNITE NS ISUENN The Dirichlet Space D

Proposition
If f(z) = Y720 anz" is holomorphic on D, then

1 oo
— F1(2)[Pdxdy = na,,2.
L@y =3

Observations
A briefly properties about D spaces are mentioned in the following.

© The D space is conformally equivalent.
o The D space is a Banach space with the norm || - ||p.
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Space of Holomorphic Functions Q) Spaces

Definition
For p > 0, let Q, denote the space of all holomorphic function satisfying

sup [[ 1F/(2)Pe(z.a)ddy < cx. ©)
aeD J JD

where g(z,a) is the Green's function with a logarithm singularity at a.
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Space of Holomorphic Functions Q) Spaces

Definition
For p > 0, let Q, denote the space of all holomorphic function satisfying

sup [[ 1F/(2)Pe(z.a)ddy < cx. ©)
aeD J JD

where g(z,a) is the Green's function with a logarithm singularity at a.

Definition
For p > 0, let Q¢ denote the space of all holomorphic function satisfying

lim // IF(2)[2g(z, a)Pdxdy = 0, (4)

|a|]—1

where g(z, a) is the Green's function with a logarithm singularity at .
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Space of Holomorphic Functions Q) Spaces

Observations

We will view a briefly glance about Q, and Qp . In fact, how they relate
with the previous spaces.

o For p =0, it follows Q, = D.
o For p > 1, it follows Q, = B.
o Forp>1, Qpo = Bo.

Theorem

Let f : D — C be a holomorphic function, then the following conditions
are equivalent

(i) feB.
(i) {f}o, < oo forall p>1.
(ii) {f}o, < oo for some p > 1.

Theorem
For 0 < p < q < o0, it holds Q, C Q. )
Qp Space on Riemann Surfaces June 1, 2018 26 / 43




Hyperbolic Riemann Surface Potential Theory on R

Definition

Let R be a Riemann surface. A real-valued function h: R — R is
harmonic at p belonging to R if there exists a coordinate disk (A, ¢)
containing p such that ho ¢! : D — R is harmonic function. If h is
harmonic at each p € R, we say h is a harmonic function on R.
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Hyperbolic Riemann Surface Potential Theory on R

Definition

Let R be a Riemann surface. A real-valued function h: R — R is
harmonic at p belonging to R if there exists a coordinate disk (A, ¢)
containing p such that ho ¢! : D — R is harmonic function. If h is
harmonic at each p € R, we say h is a harmonic function on R.

Definition

A continuous function u: R — [—00, 00) is subharmonic if for every
coordinate disk (A, ) and h: A — R is a harmonic function such that
u(p) < h(p) for all p € OA, then u(p) < h(p) for all p € A.

Theorem (Maximum Principle)

Let u be a subharmonic function on a Riemann surface R. If u attains a
maximum at p € R, then u is a constant function.
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Hyperbolic Riemann Surface Potential Theory on R

Observations

Let (A, ¢) be a coordinate disk and u be a subharmonic function on R.
By using the Poisson integral, we can solve the Dirichlet problem

W—uogo “1 on oD.

Let up : R — R by

ua(p) = {u(p) ifpdg A

(wop)(p) ifpeA.

Then up is continuous on R and harmonic on A.
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Hyperbolic Riemann Surface Perron’'s Family

Definition
A Perron family on R is a collection F of subharmonic functions such
that
(i) If ug,up € F, then max{u, w2} € F.
(ii) If u e F, then up € F.
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Hyperbolic Riemann Surface Perron’'s Family

Definition
A Perron family on R is a collection F of subharmonic functions such
that
(i) If ug,up € F, then max{u, w2} € F.
(ii) If u e F, then up € F.

Theorem

Let F be a Perron family on R. Then u(p) = sup{v(p) | v € F} is either
harmonic or u(p) = oo for all p € R.
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Hyperbolic Riemann Surface Perron’'s Family

Proposition
Fix a point g € R and let (A, ) be a coordinate disk containing q such
that ©(q) = 0. Let P be a family of subharmonic functions on R\ {q}
such that

(i) Every u € Pq has compact support.

(ii) Every u € Pqis such that v(p) = u(p) + log |¢(p)| is subharmonic on

A.
Then, Pq is a Perron family on R\ {q}. )

Definition
Suppose sup{u(p) : u € Pq} < oo for some p € R. A Green’s function
for R with singularity at q is defined as g(p, q) = sup{u(p) | u € Pq} for

all pe R\ {q}. )

June 1, 2018 30/ 43
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Hyperbolic Riemann Surface Perron’'s Family

Proposition

Let g(p, q) be a Green's function for R with a singularity at q. Then
(i) g(p.q) > 0.

(ii) g(p,q) is harmonic for all p € R\ {q}.

(iii) If (A, ) is a coordinate disk such that p(q) = 0, then
h(p) = g(p, q) + log |o(p)| is harmonic on A.

Proposition

Let g(p, q) be a Green's function on R with a pole at q. Then

inf —0.
;gRg(p, q)
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Hyperbolic Riemann Surface Perron’'s Family

Proposition

Let g(p, q) be a Green's function for R with a singularity at q. Then
(i) g(p.q) > 0.

(ii) g(p,q) is harmonic for all p € R\ {q}.

(iii) If (A, ) is a coordinate disk such that p(q) = 0, then
h(p) = g(p, q) + log |o(p)| is harmonic on A.

Proposition

Let g(p, q) be a Green's function on R with a pole at q. Then

inf —0.
;gRg(p, q)

Definition
Let R be a Riemann surface. Then, R is hyperbolic if it admits a Green's
function.

v
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Q@p Spaces on Riemann Surfaces Qp Spaces on R

Definition
Let 0 < p < oo and R be a hyperbolic Riemann surface. We say that a
holomorphic function f : R — C belongs to Q,(R) if

Hf”Q = SUP // ’f gR z,2))Pdz A dz, (5)

Observations

In fact, let R =D be, we get the Bloch space. Moreover, we denote
Qo(R) and Q1(R) by D(R) and BMOA(R) as the Dirichlet and BMOA
spaces on R, respectively.
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Q@p Spaces on Riemann Surfaces Area and Seminorm Inequality

Remark

Let L be the length of a closed curve and the area A of the planar region
on R? that it encloses, then

4rA < L?.

Proposition

Let R be a Riemann surface, 2 C R a precompact domain and I = 9Q
piecewise smooth boundary. If f : R — C is holomorphic, then the
following isoperimetric inequality holds:

4r|f(Q) < [F(N)?

where |f(2)| and |f(T)| denote the area of f(2) as covering surface and
the length of f(I') respectively.
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[OPRSIEISRCINNENENNBIGEIC  Area and Seminorm Inequality

Theorem

Let R be a hyperbolic Riemann surface and gr(z, zg) be its Green's
function with singularity at zy. For t > 0, let

R: ={z € R| gr(z,20) > t}. If f : R — C is holomorphic, then the

function
. // IF'(2)2dz A dz
Rt

has the following three properties:

(i) A(t) is continuous and decreasing with increasing t > 0.
(i) e*A(s) < e?tA(t) fors >t > 0.
(iii) Forp>0andt >0,

2// \f/ gR z zo))pdz/\dz—/ A(s dsp——/oospdA(S).

t

The right-side integral will be understood under Riemann-Stieljes

integration.
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Q@p Spaces on Riemann Surfaces Area and Seminorm Inequality

Proposition
Given a nonnegative function A(t) on (0, cc0) with the following two
properties:
(i) A(t) is continuous and decreasing with increasing t > 0.
(i) e®2A(ty) < e A(t1) when tp > t; > 0.
For p,t >0, let By(t) = — [° sPdA(s). If p> q >0, then

BA(0) < Sur 1) Ea(O)

Furthermore,

297 (p + 1)

Bp(0) = mBq(O) < 00

if and only if

A0) = lim A(t) < oo and  A(r) = e A0), t>0.
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Q@p Spaces on Riemann Surfaces Area and Seminorm Inequality

Theorem
Let 0 < g < p and R be a hyperbolic Riemann surface with w € R. Then,
(i) For any holomorphic f : R — C,

J[ 17 entz wypoz n o

< (W)m / /R 17(2)12(gr(z, w))7dz A dz

(i) Qq(R) C Qp(R) with

291 (p + 1
HfHZQP(R) < (Z’ng—l—lg) ||f||2gq(R), f € Qq(R).
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(OFRSEINL NN EL LRI ET  Limiting Case-Bloch Classes

Definition

Let p: D — R be the universal covering mapping of a Riemann surface R
and suppose wg, w; € R. We define the hyperbolic distance between wy
and wy on R by

pr(wo, w1) := inf{pp(20,21) | p(20) = wo and p(z1) = w1},
where pp(zp, z1) is defined 4. The density of pg at the point wy is given by

/\R(Wl) = inf{/\D(zl) ’ p(Zl) = Wl}.

Definition
Let R be a hyperbolic Riemann surface. We define the first type Bloch
space on R as

B(R) = {F € OR) |Fllsim = sup ‘fR‘(VVVV))'} <.

v
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(OFRSEINL NN EL LRI ET  Limiting Case-Bloch Classes

Definition

Let R be a hyperbolic Riemann surface with Green's function gg(z, zp), by
using local coordinates in a neighborhood of zy, we can define the Robin’s
constant by

. 1
YR(20) = z"j;O (gR(Z, 29) — log |z—zo|> :

Let cr(20) = e~ 7R(20) be the capacity density of R at zo.

Definition
Let R be a hyperbolic Riemann surface. We define the second type Bloch
space on R as

CB(R) := {F € O(R) | [|Fllesry = ;lé%m < oo}.
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Theorem

Let R be a hyperbolic Riemann surface, Fuc(D) a Fuschian group such

that D/Fuc(D) is biholomophic to R, and Q the fundamental domain of
Fuc(D). Then

(i) CB(R) C B(R) i.e., there is a hyperbolic Riemann surface S such that

CB(S) # B(S).
(ii) If

o(R) := Vlvgl;{ 11 |O'w(7(W))|} >0

~YEFuc(D)
then
CB(S) = B(S).
v
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WHAT ELSE CAN | DO?

THANK YOU!
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