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Original Problem (MSE)

Number of ways to partition 2 X N. Tile into m parts

Asked 2 years, 8 months ago  Modified 2 years, 8 months ago  Viewed 179 times

Givena2 x N Tile, how to find the number of ways to partition it into M parts ?

; Meaning ofa part : Clls having same mumber which are adjacent o sachother ormapart. 11 WE take each square of an n x m grid and

L Letstake N =5, 50an example tile ooks like: associate one of k colors with probability 1/k,

poeE what is the expected number of " Tetris pieces”
s we will see?

This tile has 4-parts to it :

. L] [
B ] B
(X 22) ‘7 | ,_ L
Tese:

Part-3: (3 3) I
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Part-4: (1)

Each cell can be assigned any number between 1 and K , how many ways exist to partition the tile

into "M" parts ? Figure: A 4-colored tiling element of




An old friend

.“ :
P Q& ”ﬂ»“‘ ma&& e

Figure: José L. Ramirez (UNAL)
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Object: Polyominoes

® o
X

Def. Polyomino
In Z x 7Z, a cell is a unitary square with integer TN AP -
coordinates. A polyomino is a finite collection
of cells with connected interior joined edge to
edge.
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Tool: Generating Functions

. . X
Imagine you have a sequence of numbers i.e., F(x) =

F, (The Fibonacci Numbers). You can 1—x—x2
generate them one by one using

if there is a way to have them all at the same

time just available for you? e 1 1 1
_ _ F(x) = T x—2 - & \1 13
Generating Function =X=X V5 — px 2
It is a symbolic sum . " — "
=T

F(x)=Fo+ Fix+ Fox® 4+ Fox" + - -+
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Tool: Binomial Numbers

Binomial Numbers () = #lk)'

(X+ 1)n — X" + an—l + (g)xn—Q ey <n>Xn—n
n

(x+1)* = (g>x3 + (i)xz + <2>X+ <§> =x3+3x% +3x + 1.

They count ways to choose k elements out of n.
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Tool: Binomial Numbers

Binomial Numbers () = Wlk)'

(X+ 1)n — X" + an—l + (g)xn—Q ey <n>Xn—n
n

(x+1)* = (g>x3 + (i)xz + <2>X+ <§> =x3+3x% +3x + 1.

They count ways to choose k elements out of n.
In how many ways can we express 5 as a sum of 3 integers? This is called Composition

5=1+1+14+1+1
5=1+1+1+1+1
5-1\ (4 6
3—-1) \2/) 7
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Tn(,k,g denotes the set of possible k-colored
tilings in the m x n grid such that adjacent

polyominos have different colors. |_
If T is k-colored in Tn(,kg p(T) is the number - ‘7 | [ ] B

of polyominos. |

|
Al (y) =Y X" y (1) | L
5 Tezﬁfz BN

Figure: A 4-colored tiling element of 7’6(1)6.

cmk(n, i) will be the x"y’ coefficient of
k
) (x, ).
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Average number of polyominoes

Let XTii,, .(n) be a random variable that counts the number of polyominoes in a random

tiling k-colored in 775,{(,2 The following happens

(k)
[X”] 3Cma)(/x,}/)

Epxn 0= o 2 AT = T LT @)

where [x"]f(x) is the coefficient of x" in f(x).
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Percolation

Hot water

Figure: Hex game

brewed coffee

Figure: Percolation method 10,48



Figure: Hugo Duminil Copin. Fields Medal 2022
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These are number compositions! c; x(n, i) = (7_1)k(k — 1)'~%, then

i—1
(k) _ kxy
C1 (Xa)/) T 1—x+xy—kxy "
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These are number compositions! c; x(n, i) = (7_1)k(k — 1)'~%, then

i—1
(k) _ kxy
C1 (Xa)/) T 1—x+xy—kxy "

The exp. value of polyomonoes in 71“,(,) is

(k—1)n+1

E[XTih,k(n)] = P
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Case m = 2 (Original Problem)

Consider the following cases:

Let Agkg and ngg the colored tilings in 7'2(1:7) s.t last colum has one or two colors.
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Case m = 2 (Original Problem)

Consider the following cases:

Let .A and B(k) the colored tilings in 7'2 . s.t last colum has one or two colors. Then

Agk)(x,y) ::Zx” Z y”(T) and Bék (x,y) Zx Z yC

nz1 TeAgk) n21 TeBgﬂ),

,n
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Case m = 2 (Original Problem)

Consider the following cases:

Let .A and B(k) the colored tilings in 7'2 . s.t last colum has one or two colors. Then

Agk)(x,y) ::Zx” Z y”(T) and Bék (x,y) Zx Z yC

nz1 TeAgk) n21 TeBgﬂ),

,n

This means that C2(k)(x,y) = Agk)(x,y) + Bék)(x,y).
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Case m = 2 (Original Problem)

Figure: Decomposition of the colored tilings in Agk,),

From this decomposition we get that

A (x, ) = kxy + xAY) (x, y) + (k — 1)xyAS) (x, y) + 2xBS) (x, y) + (k — 2)xyBSF (x, y),

(1) ) (3) (4)
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Case m = 2 (Original Problem)

k—1
B x.y) = k(K ~ D+ 20k = DAy +2( )2 A )+ 88 )

(1) 3
(1) R 3)

k—2 k—2
s20k= 28000 +2(* 2ot 8 0+ 2(* L 2028t + 978 ).
—_—

4 VT 7
(4) ) ©) (7)

| | s
| Hi ]

L o)



Case m = 2 (Original Problem)

The bivariate generating function C2(k)(x, y) is given by

kxy(1+ (k — 1y — x(1 — y)(1 — ky))
1-x(2+Bk—=5)y+(k?—3k+3)y2)+x3(1 —y) (1 — (k2 +1)y2 — ky (1 — 2y))’

Furthermore, [x"] C2(k)(x, 1) = k",
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Case m = 2 (Original Problem)

The bivariate generating function C2(k)(x, y) is given by

kxy(1+ (k — 1y — x(1 — y)(1 — ky))
1-x(2+Bk—=5)y+(k?—3k+3)y2)+x3(1 —y) (1 — (k2 +1)y2 — ky (1 — 2y))’

Furthermore, [x"] C2(k)(x, 1) = k",

2k3n+ k?(2—-3n)+n—1
E[Xil, ()] = 3 :
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Fundamental change

Now polyominoes can have holes!

| B L

Figure: The 5 possible last columns of a configuration of size 3 x n.
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Case m=3

The bivariate generating function Céz)(x, y) is given by the quotient
p(x,y)/a(x,y), where

p(x,y) = 2xy ((y5 — 3yt 4+ Ty Ty + 2) x3 — (4y5 —6y* — y3 +10y% — 12y + 5) x?
+ (3y4—y3—|—y2—3y+4)x—(y+1)2) and
q(x,y) = (2y5 —Ty* +5y3 + 5y — 7y + 2)x4 — (y6 +3y° —7y* +4y3 +5y% — 13y + 7)x3
4 (y5+2y4+3y3—y2—6y+9)x2— (y3—|—y2—|—2y+5)x—|—1.
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The bivariate generating function Céz)(x, y) is given by the quotient
p(x,y)/a(x,y), where

p(x,y) = 2xy ((y5 — 3yt 4+ Ty Ty + 2) x3 — (4y5 —6y* — y3 +10y% — 12y + 5) x?
+ (3y4—y3—|—y2—3y+4)x—(y+1)2) and
q(x,y) = (2y5 —Ty* +5y3 + 5y — 7y + 2)x4 — (y6 +3y° —7y* +4y3 +5y% — 13y + 7)x3
4 (y5+2y4+3y3—y2—6y+9)x2— (y3—|—y2—|—2y+5)x—|—1.

1183n + 1945 4 1/8"2
E [Xrisa(m)] = 1568
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Case m = 3 (number of fillings)

The expected value for the number of fillings is

(7Tn—15) + 525
1568

L] [ ]

Figure: All possible configurations for tilings in 7‘3(;) with exactly one filling.
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General case

Can we keep doing this?
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General case

Can we keep doing this?

Better question

How much do we have to suffer to get a system for m = 4,5,--- 7 Notice that the size of the
linear system is given by the possible last columns.
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General case

Can we keep doing this?

Better question

How much do we have to suffer to get a system for m = 4,5,--- 7 Notice that the size of the
linear system is given by the possible last columns.

Even better question

| A\

How big of a computer do we need? or can | count the number of possible columns? How do
we do this?
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Number of last columns (k = 2)

Let's do it for just two colors. Consider the column as a vector of 0's and 1’s.

(c1,¢2,¢3, -+ ,cm) €{0,1}™,
If ¢; = ci+1, then they belong to the same polyomino! Consider

(di,da, d3,- -, dp) € {0,1}",
st £ < m, and d; # diy;. Two options

(07170717”' 7071)7

(1,0,1,0,---,1,0).
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Number of last columns (k = 2)

Let's do it for just two colors. Consider the column as a vector of 0's and 1’s.

(c1,¢2,¢3, -+ ,cm) €{0,1}™,
If ¢; = ci+1, then they belong to the same polyomino! Consider

(di,da, d3,- -, dp) € {0,1}",
st £ < m, and d; # diy;. Two options

(07170717”' 7071)7

(1,0,1,0,---,1,0).

Considering the other dimension, these points may be in the same polyomino!
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Other old friends

These points are joint by a wire if they belong to the same polyomino.

{{1,3}, {2}, {4,7,9}, {5,6}, {8}}

Figure: The wire diagram of a set partition.

A8
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Other old friends
These points are joint by a wire if they belong to the same polyomino.

{{1,3}, {2}, {4,7,9}, {5,6}, {8}}

Figure: The wire diagram of a set partition.

Bell numbers

The number of set partitions of a set with n elements is given by the n-th Bell number

n
Bri=. (Z) By.

k=0

B,=1,1,2,5,15,52, 203,877, 4140, - - -

s
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They are not all partitions

The wires cant cross!
Notice that we cant have the following scenario

(AN
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They are not all partitions

The wires cant cross!

Notice that we cant have the following scenario

(AN

The number of non-crossing partitions is given by the n-th Catalan number

- 1 /2n
Cn:ZCkIan:< >
pard n+1\n

Non-crossing partitions
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Parity Condition

Notice we cant pair d; with d; if i # j (mod 2), because they have different colors!
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Parity Condition

Notice we cant pair d; with d; if i # j (mod 2), because they have different colors!

Let NC(n)o be the number of non-crossing partitions on n elements and that have the parity

condition, then 1 ln/2]
n+|n
[NC(n)o| = 2Ln/2J+1< [n/2] >

35/48



Parity Condition

Notice we cant pair d; with d; if i # j (mod 2), because they have different colors!

Let NC(n)o be the number of non-crossing partitions on n elements and that have the parity

condition, then

B 1 n+|n/2]
et = i e )

If we drop the non-crossing partition the number of such partitions is B|,/2| - By/21-
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Number of columns with two colors

The number of different columns

m—1\ (¢+|¢/2]
ZQLE/Z —|—1<€—1>< [¢/2]
—0, 2, 4 10, 26, 72, 206,

)

608,

1834,

5636, . ..
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Number of columns with two colors

The number of different columns

— (1) (oo )

—0, 2, 4, 10, 26, 72, 206, 608, 1834, 5636,...

(1+3v3)"

w32

Colmo ~c-

where ¢ ~ 1.75213.
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Experimentation

’k\n H 3 4 5 6 7 8 9 10 \
2 [[0756 0889 1.015 1.147 1.280 1.410 1.544 1.671
3 || 1409 1.778 2150 2521 23889 3.257 3.629 4.000
4 || 1.779 2299 2815 3.320 3.836 4.357 4.874 5.382

Table: This contains values m, « s.t E [XT”M(X)] ~ Mk (x—

(k=1)n+1
1) + —".




So.. where are the graphs?

—"—

L
o——
*e——0

Figure: A tiling of the grid Figure: A partition of its graph

Notice that the grid is P, x P,.
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Take any family of graphs that you like

The number of k-colored partitions of size i for
the complete graph K, for n > 1, is given by

gi(n,i) = {'I’} (f)n

E D (Ko)] = k- E 3

A\
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Consider G, x P,

Approach:

1. Create a bivariate generating function.

TRty =Y x" 3y,

nzl TeTw(ui™)

Slice them and create a system of equations on them.
What's the size of the system?
Do some coding!

If the system is too big, use the symmetry of the graph and the colors!

S T o

Experiment and hope for the best.
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Consider G, x P,

Approach:

1. Create a bivariate generating function. T,S7k)(x,y)

2. Slice them and create a system of equations on them.
Cm,k = {A = (A]_7 .. .,Ak) . UII-(:]_AI- = [m] and Ai N Ai — @}

TA(X,y) _ Xy|supp(A)| +x Z y\{ie[k]:A;;ﬁ@ and A;NB;=0}] TB(X,}/).
BGCm,k

. What's the size of the system?

3

4. Do some coding!

5. If the system is too big, use the symmetry of the graph and the colors!
6

. Experiment and hope for the best.
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Consider G, x P,

Approach:
1. Create a bivariate generating function. T,S7k)(x,y)

2. Slice them and create a system of equations on them.
Cm,k = {A = (A]_7 .. .,Ak) . UII-(:]_AI- = [m] and Ai N Ai — @}

What's the size of the system? |Cp, | = k™
Do some coding!

If the system is too big, use the symmetry of the graph and the colors!

S T

Experiment and hope for the best.

44 /48



Consider G, x P,

Approach:

1. Create a bivariate generating function. T,(nk)(x,y)

2. Slice them and create a system of equations on them.

Cmk ={A=(A1,...,Ax): U,’-‘ZIA,- = [m] and A; N A; = 0}.

3. What's the size of the system? |Cp, x| = k™
4. Do some coding! Alert: Solving systems is O(¢3) for numbers.

5. If the system is too big, use the symmetry of the graph and the colors!

s ~1=1m("} "),

6. Experiment and hope for the best.
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Consider G, x P,

Approach:

1. Create a bivariate generating function. T,(nk)(x,y)

2. Slice them and create a system of equations on them.

Cmk ={A=(A1,...,Ax): U,’-‘ZIA,- = [m] and A; N A; = 0}.

3. What's the size of the system? |Cp, x| = k™

4. Do some coding!

5. If the system is too big, use the symmetry of the graph and the colors!

s ~1=1m("} "),

6. Experiment and hope for the best.
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Consider G; x P,

The expected size of a k-colored partition on the graph K; x P, when you color uniformly and
independently each vertex is given by

k@nf(%fl) ((k2€ . (k2 . 1)2) + (k - 1)2 ((k + 1)@ - kf) n)
ktn :

STLORS

Figure: A 3-colored partition of size 4 of Ks x Ps.

E[XT”,((Kg X P,,)] ES
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Questions

1. What is your favorite family of graphs?
We have considered
1.1 Trees
1.2 Cycle graphs
1.3 Complete Bipartite graphs
1.4 Tadpole graphs (Undergraduate thesis
Santiago Garcia, exp 2025).

2. Can we limit the size of the polyominos?

3. What is the prob. that a tile goes from

Figure: SAGE experiments. first to last laver? 48/48



